We have shown here that when 2D electron gas is taken to reside on the surface of 3D sphere with a monopole at the centre we can study quantum Hall skyrmions in terms of the 3+1 dimensional nonlinear sigma model. We have shown that the addition of the Skyrme term in the Lagrangian, for stability of skyrmion, helps us to determine the size of it. We have computed the energy of skyrmions in this formalism and then compared it with the 2D formalism where the size and energy are determined from the competition of the Zeeman and Coulomb terms. Moreover, the introduction of a θ-term determines the spin and statistics of these skyrmions.
Introduction
It has been found that in Quantum Hall systems deviations from the incompressible filling factor ν is accomplished by the degradation of the system's spin polarization. This effect has been observed near ν = 1 in several experiments that directly probe the spin density 1 e-mail : banasri@www.isical.ac.in 2 e-mail : sarmishtha − r@www.isical.ac.in 3 e-mail : pratul@www.isical.ac.in of the electron gas [1] [2] [3] [4] . A finite skyrmion consists of an extended region where the spin direction gradually twists. Inside a skyrmion the spins wrap around the extended region.
A finite skyrmion appears like a flux tube carrying one Dirac flux quantum and the Berry phase obtained by adiabatically moving a spin 1/2 particle around it is 2π.
Skyrmions are generally described by nonlinear sigma model. A smooth texturing of the spins can be described by an effective nonlinear sigma model where the spin is described as a unit vector n(r). This spin vector n lies on a sphere S 2 where we may consider a magnetic monopole located at the centre. Skyrmions are characterized by the topological charge Z = drq(r) where q = n.(∂ x n × ∂ y n)/4π is the Pontryagin density. Z is the winding number of the mapping n(r) from the compactified space S 2 to the target space of the sigma model (S 2 ) and is given by the homotopy Π 2 (S 2 ) = Z. The topological density is proportional to the deviation of the electron density from its uniform value ρ 0 .
In analogy to the Ginzburg-Landau description of superconductivity, the Chern-Simons theory of quantum Hall systems was derived by Zhang, Hansson and Kivelson [5] which was subsequently extended by Lee and Kane [6] to describe the spin unpolarized quantum Hall liquid. In a quantum Hall fluid, the ground state has been found to be a fully spin polarized quantum ferromagnet. By noticing that the dynamics of quantum Hall system with a spin polarized ground state will follow that of a quantum ferromagnet and that the skyrmion is a charged object of the system, Sondhi et.al. [7, 8] proposed a phenomenological action which is valid for the long wave length and small frequency limit. In this scheme, the competition between the Zeeman and Coulomb terms sets the size and energy of the skyrmions and modifies the detailed form of their profiles. In the pure sigma model where the Zeeman energy and Coulomb energy are taken to be vanishing, analytic expressions are available for the skyrmions and their energy is independent of their size. This scale invariance is broken by the Zeeman and Coulomb terms in the Lagrangian.
In this note, we shall take resort to spherical geometry where 2D electron gas resides on the surface of a 3D sphere when a magnetic monopole is placed at the centre and shall point out that the addition of quartic stability term introduced by Skyrme, known as the Skyrme term in the literature, will determine the size of the quantum Hall skyrmions in the pure sigma model formalism. This size and energy may be associated with the Zeeman and Coulomb terms in the Lagrangian prescribed by Sondhi et.al. in 2D electron gas system. This pure sigma model description also helps us to determine the spin and statistics of the skyrmion through the introduction of the topological θ-term in the Lagrangian.
In sec.2 we recapitulate the study of skyrmion excitations in Quantum Hall fluid when the system is described by means of the Zhang-Hansson-Kivelson model and modified by
Lee and Kane to take into account the effect of spin. In sec.3 we shall describe quantum
Hall skyrmions in spherical geometry taking into account the Skyrme term and θ-term. In sec.4 we shall consider the size and energy of the skyrmion in this formalism and associate this with the Zeeman and Coulomb terms in the 2D formalism.
Quantum Hall Skyrmions
In the bosonic theory, an electron is viewed as a composite object of a boson and a flux tube carrying an odd multiple of flux quanta Φ 0 = h/e attached via a Chern-Simons term which correctly ensures fermionic statistics for the electron. We begin with the LandauGinzburg theory of the Hall effect introduced by Zhang, Hansson and Kivelson [5] and modified by Lee and Kane [6] to incorporate the effect of the spin. Following Stone [10] , we consider the Lagrangian
Here φ = (φ 1 , φ 2 ) is a two component complex scalar field. θ is the statistics parameter which takes the values θ = (2n+1)π so that the boson field φ represents a fermion, A µ the external electromagnetic field and m * is the effective mass of the electron. To determine the size and energy of the skyrmions we should also include Zeeman and Coulomb interactions. However, to study the topological features we can ignore them for the moment.
We consider a solution with uniform density ρ = (
. In order to separate the amplitude and spin degrees of freedom we introduce the CP 1 field z and we write
The Lagrangian (1) now takes the form
Here z is a two component complex field with the constraint
We can now use the identity
where J = (J 1 , J 2 ) with
The local spin direction is given by
and ∇n = (∂ 1 n, ∂ 2 n). The term 
Integrating over the U(1) phase degree of freedom in z we arrive at the current conservation law ∂ α J α = 0 and we have current 3-vector (ρ = J 0 , J 1 , J 2 ) as the curl of a three dimensional vector field. We can set J
σ and
Now integrating out the Chern-Simons field a µ and using the relation 2θρ 0 = eB z , we can finally arrive at the relation
where
is the skyrmion number current.
We define the field strength term F µν = ∂ µ A ν − ∂ ν A µ to be the dual of the electron number current and adjust the unit of length and time such that c = λρ 0 /m * , the velocity of density waves in the absence of magnetic field becomes unity. We have
It is noted that the skyrmion number current acts as a source for a topologically massive gauge field A µ [10] and also sees the background field A
[0]
µ . Incorporating Zeeman and Coulomb terms Sondhi et.al. [7] considered the following modified form of the Lagrangian (1).
Here V = e 2 /ǫr is the interparticle Coulomb potential and µ B is the Bohr magneton.
Noting that φ α = √ ρz α where z α † z α = 1 and using the mapping n a = z † σ a z, we can replace the CP 1 field by an O(3) sigma model field. Indeed, by observing that at the ground state the dynamics of the system is that of a ferromagnet with a long range interaction arising from the Coulomb interaction between the underlying electrons, we take into account the necessary terms and consider the Lagrangian [10]
Here A is the vector potential of a unit magnetic monopole, ρ s is the spin stiffness (ρ s = e 2 /16 √ 2πǫl for ν = 1), ǫ is the dielectric constant and l is the magnetic length. q(r) = n.(∂ x n×∂ y n)/4π is the topological density. This topological density is proportional to the deviation of the electron density ρ from its uniform value q = ν(ρ − ρ 0 ). The topological charge is Z = drq(r). For ν = 1, skyrmions with topological charge Z carry electric charge −Z|e|.
For the pure sigma model (g = 0, V = 0), skyrmions can be described by the standard analytical expression which for topological charge Q = d 2 rq(r) = +1 and scale λ are given by
and
The corresponding antiskyrmion has Q = −1 and is of the same form with n y (r) → −n y (r) and q(r) → −q(r). In this case, the skyrmion is of arbitrary size λ and energy
The Zeeman and Coulomb terms break the scale invariance. Their profiles now depend on the dimensionless ratiog = (gµ B B)/(e 2 /ǫl 2 ) of the Zeeman energy to Coulomb energy.
For Z = 1 skyrmions the scale invariant solution yields a Zeeman energy that diverges logarithmically with system size for any λ. This can be fixed by matching the scale invariant solution onto the exact asymptotic solution in the outer region. This suggest for Z = 1 the size [9] λ = 0.558 l(g| lng|)
and energy
Indeed at large g the quasiparticles are single particle-like and may carry charge and spin S z = 1/2 and have size l. At small g, they still carry charge ±e but diverge in size and have nontrivial spin with a divergent z-component of spin S z (the number of reversed spin) as well as divergent total spin.
Quantum Hall Skyrmions in Spherical geometry
We want to study now the sigma model version of quantum Hall skyrmions in spherical geometry introduced by Haldane [11] and incorporate the quartic (Skyrme) term as well as the θ-term in the Lagrangian. In this geometry, electrons are placed on the surface of a sphere under the influence of an uniform radial magnetic field. The magnetic field is produced by a magnetic monopole placed at the centre of the sphere. As we know, the angular momentum in the field of a magnetic monopole is given by
where µ represents the monopole strength and can take the value 0, ±1/2, ±1, ±3/2, .........
For the corresponding geometry we can take into account complexified space-time when its coordinate is given by z µ = z µ +iξ µ , where ξ µ corresponds to a direction vector attached to the space-time point z µ . The wave function given by φ(z µ ) = φ(z µ )+iφ(ξ µ ) can be treated to describe a particle moving in the external space-time having the coordinate z µ with an attached direction vector ξ µ . Thus the wave function should take into the polar coordinates r, θ, φ along with the angle χ specifying the rotational orientation around the direction vector ξ µ . For an extended body θ, φ, χ just represent the three Euler angles. In an anisotropic space, these three Euler angles have their correspondence in an axisymmetric system which may be considered in studying the behavior of particles in two dimensions by putting them on the surface of this anisotropic three dimensional manifold with a monopole at the centre.
The spherical harmonics incorporating the term µ have been studied by Fierz [12] and
where x = cosθ and the quantity m and µ just represent the eigenvalues of the operator 
It is noted that the doublet
with
corresponds to a two-component spinor and its charge conjugate state is given bȳ
withθ
For a two-component spinor having the same signature of µ (µ = +1/2 or − 1/2), we can suppress the index µ and as such the angle χ and we can choose a two component where m is an odd integer is given by [11, 14] 
To this end, we define a smooth and monotonical function g(θ) satisfying the boundary condition g(0) = 0 and g(π) = π when the skyrmion state can be written as [15] 
whereê r andê θ are the basis vectors. The size of a skyrmion is determined by the function g(θ) and g(θ) = θ describes the hedgehog skyrmion with spin in the radial directionr.
It may be noted that eqn. (24) is for the skyrmion state with the constraint |φ(Ω)| = 1.
If this constraint is relaxed, the generalized skyrmion state can be defined aŝ
where h r (θ) does not change sign for 0 ≤ θ ≤ π and we have the boundary conditions
The quantum state for the classical skyrmionφ(Ω) can be written as
where C is the normalization constant and P is the projection operator to the lowest Landau level.
is the spin polarized ground state at ν = 1. We can generalize this for FQH states with ν = 1/m, m being an odd integer. However it should be added that at ν = 1 we have a non-interacting spectrum which is never a correspondence for ν = 1/m, with m being an odd integer. Indeed FQH states correspond to interacting systems. However there is a similar sequence of large skyrmion at small g for ν = 1/3.
The above skyrmion state can also be written as
where 0 ≤ α ≤ 1 is determined from g(θ) and it controls the size of a skyrmion.
Naturally the size of the skyrmion can be defined by the position where spin direction is perpendicular to the radial (and spin) direction at either pole. With this convention, the skyrmion size is
which equals π/2 for the hedgehog skyrmion with α = 1 Bychkov et. al. have shown [16] that the quantum Hall skyrmions consist of a core whose size is defined by the interplay between the Zeeman and Coulomb energies and an additional length scale l sk which determines the tail of the spin distribution. This characteristic length is given by
whereg is the effective g factor, a B = ǫh 2 /me 2 is the Bohr radius, ǫ being the dielectric constant and l is the magnetic length. It is noted that asg → 0, l sk → ∞. In this limit we can take
where x and x 0 are two dimensionless parameters given by x = r/l sk and R = x 0 l sk , R being the size of the skyrmion core region. The number of reversed spins associated with a skyrmion is given by
which leads to the expression [16] S z = (
We can associate α with x 0 /x where x 0 ≪ 1 and x ≪ 1 i.e. for r far away from the exponential tail of the skyrmion. It is pointed out that in the region x 0 ≪ x ≪ 1, r is far outside the skyrmion core.
Now to relate the parameter α with the size of the skyrmion determined by the nonlinear sigma model in 3 + 1 dimensions, we note that taking the spin variable z = Uz 0 where (2), we may write the nonlinear sigma model Lagrangian in terms of the SU(2) matrices U as
where M is a constant of dimension of mass and η is a dimensionless coupling parameter.
To have a geometrical interpretation of the Skyrme term, we note that it effectively corresponds to the vorticity of the system which prevents it from shrinking it to zero size.
In fact in an axisymmetric system where the anisotropy is introduced along a particular direction through the introduction of a magnetic monopole at the centre, the components of the linear momentum satisfy a commutation relation of the form
When the position space is a 3-sphere S 3 with a monopole at the centre, we can have a commutation relation of the form
where R is proportional to the radius of the S 3 . For a distorted sphere we can consider R as a functional form R(θ, φ) corresponding to the core radius of the skyrmion. We can define the core size of the skyrmion such that R = R 0 (1 − α) where R 0 is the size of the skyrmion having minimal energy.
In view of this, in 3 + 1 dimension we can generalize the Lagrangian (11) incorporating the Skyrme term in the form
Here θ = g/c 2 with g = νe 2 /h as Hall conductivity and * F µν is a Hodge dual given by
This is associated with O(4) nonlinear sigma model where the topological current is defined asJ
µ ] is a four vector. It is to be mentioned that we have taken the kinematic term (second term in equation (37)) which takes into account spin waves, the Goldstone modes associated with a ferromagnetic ground state.
The dimensional reduction suggests that the P and T violating θ-term (− θ 16π 2 * F µν F µν ) in 3 + 1 dimensions corresponds to the Chern-Simons term in 2 + 1 dimension. This term is related to chiral anomaly and we have the Pontryagin index given by [17] 
This introduces the Berry phase for quantum Hall states. The phase is given by e iφ B
where φ B = 2π ν (number of flux quanta enclosed by the loop) [14] .
If we consider Euclidean four dimensional space-time then the above integral may be reduced to a closed three surface integral which is topologically equivalent to S 3 . If we demand F µν = 0 at all points on the boundary S 3 of a certain volume V 4 inside which F µν = 0 then the gauge potential tends to be a pure gauge in the limiting case towards the boundary i.e. we have
This then helps us to write the topological charge of quantum Hall skyrmions as the winding number
which is given by the homotopy 3 (S 3 ) = Z and the electric charge is given by νeZ.
For Z = 1 the skyrmion when moving around a closed loop acquires the Berry phase 2πνN where N is the number of skyrmions enclosed by the loop. To find the spin and statistics, we consider a process which exchanges two skyrmions in the rest frame of one of the skyrmions. This exchange effectively corresponds to the other skyrmion moving around the first in a half circle and hence it picks up a phase π ν which is the statistical phase of a skyrmion. For ν = 1 it is a fermion and ν = 1/m, m being an odd integer it corresponds to an anyon in planar geometry. In general, the spin of the skyrmion having charge νeZ is given by νZ/2.
Skyrmion Size and Energy
From our above discussions, we now observe that the energy of a free skyrmion depends on the following two terms in the Lagrangian (37)
The static nonlinear sigma model Lagrangian corresponding to eqn. (42) gives rise to the energy integral as
where (i, j = 1, 2, 3)
To compute the energy, we take the Skyrme ansatz
with the constraints F (0) = π and F (r) → 0 as r → ∞ where U → 1. We explicitly write
1+(r/R) 2 The energy integral becomes
where x = r/R. The numerical values of I 1 and I 2 are found to be 3.0 and 1.5 respectively.
This gives the expression of energy
The minimum of energy E(R) is found from the relation
which gives for E min , the size as
and the energy
Now to compare it with two dimensional result where the size is determined by the Zeeman energy and Coulomb interaction, we may consider that for g = 0, V = 0, in the Lagrangian (13), the energy is given by the pure nonlinear sigma model, when the size of the skyrmion is infinite and the energy is independent of the size. The scale invariant energy is given by
where l is the magnetic length. We may compare it in 3 + 1 dimensional nonlinear sigma model with E(R 0 ) when we take into account that the coupling parameters M and η are functions of α such that in the limit α → 0, M(α) → 0 and η(α) → 0 but M/η is fixed.
This helps us to relate E(R 0 ) with E(0) and we equate eqns. (49) and (50) to have
Away from g = 0, skyrmions acquire a size. Now matching this value for g ≪ 1 so that the form of the solution in the core region is determined by the scale invariant term alone, we take R = R 0 (1 − α) and we find from eqns. (46) and (48).
We can compare this with the standard result for energy with Z = 1, [9]
whereg = (gµ B B)/(e 2 /ǫl), we can equate
which suggests α
We must mention here that though the value of α is constrained in the region 0 ≤ α ≤ 1 and α = 1 corresponds to the hedgehog skyrmion with spin in the radial direction we note from eqn. (52) that α = 1 is a singularity point. Indeed, the relation R = R 0 (1 − α)
gives a nonzero size for α = 1 when R 0 is infinite. So in this case matching the minimum energy for g = 0, V = 0 and away from g = 0 with g ≪ 1 will not be meaningful. Indeed the solution cot θ/2 = x/x 0 is valid except for a very narrow region around x = x 0 [16] .
This implies that a small region around α = 1 will not give meaningful result for size and energy of the skyrmion. For comparison we have computed the energies of skyrmions in terms of α and it is found that up to α = 0.7 we have reasonable values ofg beyond which g becomes large enough to be compatible with quantum Hall skyrmions [ Fig. 1 ].
This suggests that in spherical geometry we can consider a 3+1 dimensional form of the nonlinear sigma model with the Skyrme term which determines the size of the skyrmion and the ratio of the Zeeman energy and Coulomb energy can be encoded in it [ Fig. 2 ].
The size and energy are determined from the pure sigma model version in this formalism.
Discussion
Here we have shown that when 2D electron gas is taken to reside on the surface of a 3D sphere with a monopole at the centre, we can consider a 3 + 1 dimensional nonlinear sigma model when the Skyrme term which gives rise to the stability of the soliton can be taken to determine the size of quantum Hall skyrmions. Indeed, the distortion of the spherical shape can be incorporated through the angular dependence which can be conveniently introduced through a parameter α with 0 ≤ α ≤ 1. Excepting a small region around α = 1, we can compare the result with the conventional 2D formalism when the size is determined by the Zeeman energy and Coulomb energy for small g. This helps us to encode the effect of the Zeeman energy and Coulomb energy in the parameter α and the size can be determined from the relation R = R 0 (1 − α) where R 0 corresponds to the size which is characteristic of the minimum energy E(R 0 ). In 2D formalism this minimum energy corresponds tog ≪ 1 which may be matched with the scale invariant value when the energy is contributed by the spin stiffness term in the pure sigma model for g = 0, V = 0. In the 3 + 1 dimensional model when the Skyrme term is introduced we can have a pure sigma model version of the skyrmion size and energy.
We have also shown the spin and statistics of the skyrmion is given by the θ-term.
The skyrmion charge is given by νeZ where Z is the winding number associated with the homotopy Π 3 (S 3 ) = Z and the spin is given by νZ/2. The skyrmion picks up a phase 2πνN where N is the number of skyrmions enclosed by the loop. In a process which exchanges two skyrmions in the rest frame of one of the skyrmions, the exchange corresponds to the other skyrmion moving about the first in a half circle and hence it picks up a phase πν which is the statistical phase. Evidently, for ν = 1 it is a fermion and for ν = 1/m, m being an odd integer, it corresponds to an anyon in planar geometry. 
